Introduction
In this paper, we study the asymptotic expansion of solution in the small parameter e of the following initial and boundary value problem: { utt -Uxx = F e (x, t, u, u x , ttt), 0 < s < 1, 0 <t<T, u x (0,t) -h 0 u(0,t) = g 0 (t), u x (l,t) + /iiu(l,i) = gi{t), 0 <t<T, u(x, 0) = UQ(X), Ut(x, 0) = Ui(x), 0 < x < 1, where ho, hi are given non-negative constants with h 0 + hi > 0; So, go, gi are given functions with uq e. H 2 (0,l),ui G ii 1 (0,1), go,gi € C 3 (R + ) and F e is a given function depending on the small parameter £ satisfying F e € C 1 ([0,1] x [0, oo) x M 3 ). In [2] , Alain Pham has studied the existence and asymptotic behavior as e -> 0 of a weak solution of problem (1.1)^3 associated with the Dirichlet homogeneous boundary condition where the nonlinear term has the form F £ = ef (t, u) . By a generalization of [2] , Alain Pham and Long [3] have considered problem (1.1)1,3, (1-2) with nonlinear term having the form (1.3) F e = ef{t,u,u t ).
life C N ([0,00) x R 2 ) satisfies f(t, 0,0) = 0 for all t > 0, an asymptotic expansion of the solution of problem (1.1)1,3-(1-3) up to order N + 1 in £ is obtained, for e sufficiently small, that extends to the partial differential equation the results obtained in ordinary differential equations [1] .
In [4] , Long and Diem have studied problem (1.1) with go(t) = gi(t) = 0 and the nonlinear term (1.4)
In the case of / G C 2 ([0,1] x [0,00) x R 3 ) and g € C^QO, 1] x [0,00) x we have been obtained an asymptotic expansion of order 2 in e, for e sufficiently small. Afterwards, this result has been extended in [5] to the nonlinear wave equation with the Kirchhoff-Carrier operator 1
0<x<l,0<t<T, associated with (1.1)3-(1.2), where bo > 0 is a given constant, and B 6 C 2 (R+).
The aim of the present paper is to give a generalization of [2] [3] [4] [5] for problem (1.1), (1.4) 
,then an asymptotic expansion of the solution of this problem up to order N + 1 in e is obtained, for £ sufficiently small. This result is a relative generalization of those in [1] [2] [3] [4] [5] .
Preliminary results, notations
We denote V = L(0,1) the usual Lebesgue spaces, and ,
, set in the usual Sobolev spaces. The norm in L 2 is denoted by || -||. We also denote by (•, •) the scalar product in L 2 , or a pair of dual scalar products of continuous linear functional with an element of a function space. We denote by || the norm of a Banach space X and by X! the dual space of X. We denote by L p (0, T; X), 1 < p < 00, the Banach space of measurable real functions u : (0, T) -> X, such that o
In H x we shall use the equivalent norm
Then we have the following lemmas, the proofs of which are straightforward and therefore omitted: We make the following assumptions:
) (corresponding to e = 0);
Instead of considering problem (1.1) corresponding to e = 0, we shall reformulate it as a problem with homogeneous boundary conditions as follows. together with the consistency conditions
Then problem (1.1) corresponding to £ -0 is equivalent to the following initial value problem:
We shall choose the first term wq G W(M,T). Suppose that
We associate with problem (2.2) the following problem. 
where, sup is taken over 0 < x < 1, 0 <t <T, |it|, |u|, < My/2.
(P.)
Asymptotic expansion of solutions
In this part, we assume that (ho, hi), ( UQ, U\) and (<70, G\) satisfy the assumptions (Hi), (H^) and (H4), respectively. We also assume
We consider the following perturbed problem, where s is a small parameter, |e| < 1 : First, we note that if the functions /, g satisfy (i/5), then we can prove in a manner similar to the proof of Theorem 1 in [4] that the a priori estimates of the Galerkin approximation sequence {v®} for problem (2.2) corresponding to / = F e , satisfy
w£> € W(M,T),
where ,2) , respectively. Hence, the limit w £ in suitable function spaces of the sequence } as k +00, afterwards m -• +00, is a unique weak solution of problem (2.2) corresponding to f = F e satisfying w £ 6 W(M,T). Then we can prove, in a manner similar to the proof of Theorem 2 in [4] , that the limit UJQ in suitable function spaces of the family {u> £ } as e -> 0 is a unique weak solution of problem (2.2) satisfying ujq € W(M,T). Hence, u £ = w £ + <p (resp. uo = u>o + <p) is a unique weak solution of problem (P e )(resp.(Po) corresponding to e = 0).
Hence, we have the following theorem.
THEOREM 3. Let (Hi), (H2), (H4) and (H&) hold. Then there exist constants M > 0 and T > 0 such that, for every e with |e| < 1, problem (P £ ) has a unique weak solution u £ € W(M, T) satisfying the asymptotic estimation
K -«o||£~(o,T;ffi) + -"°IL~(0, T ;L*) ^ C N '
where C is a constant depending only on ho, hi, T, Kq(M, T, g), K\(M, T, f).

Proof. Put v = u £ -uo = w £ -U)Q. Then v satisfies the variational problem ' (v ,w) + a(v,W) = (G,w) + e{g,W) for all
WEH 1 , 1,(0) = v (0) = 0, (3.1) G = f
(x,t,w £ + ip,s?w £ + S7<p,w £ + <p) -fix, t, u 0 + <p, V^o + W, <*> 0 + V 5 ), g = g(x, t, w £ + <p, \/w £ + v^, w £ + ip).
We take 1u = v in (3.1). After integration in t,
Hoir+aMt),«w) t < (4 + 3/Co)K\ (M, T, f) J [||u(a)|| 2 + o(v(s) J t;( a ))]d a 0 t + \ ||i> (a)|| 2 ds + £ 2 TKl(M, T, g). 0
By that and Gronwall's lemma, we obtain where C is a constant depending only on
ho,h\,T,Ko(M,T,g), K,(M,T,f). .
Asymptotic expansion of the solution
689
The next result gives an asymptotic expansion of the weak solution u £ of order N + 1 in e, for e sufficiently small. Now, we assume
and use the notations 
Here we have used the notation /¿I . = ---^-J----. We also note that 
and the c*i, A, "fi integers > 0 satisfying
Let u e € W(M,T) be a unique weak solution of problem (P € ). Then
satisfies the problem
+ E e (x,t),0 < x < 1, 0 < t < T,
Now, we put the following notations:
«»+.<*,T,/) = l|+ ,max n+i sup|/<f«>]
where, sup is taken over 0 < x < 1,0
Further, for a multi-index a = (qi, ..., a^) 6 Z+ we put |a| = qi + ... + ax, a! = aiL.aw!,
Then, we have the following lemma. 
T,f) and K N (M,T,g).
P r o o f. In the case of iV = l,the proof of Lemma 3 is easy, hence we omit the details and prove the lemma for N > 2 only. By using Taylor up to order N+1, we obtain after some rearrangements in order of e, that We deduce from (3.2), (3.5), (3.7) and (3. , we obtain from (3.8), (3.9) and (3.11) that
The proof of Lemma 3 is complete.
• We shall prove that there exists a constant CT independent of m and e such that ll u m||Loo(0,r;ffi) + ll^'nlLcc^r;^) < Or , |e| < 1, for all m.
By multiplying the two sides of (3.12)2 with vm, and after integration in t, we obtain (3.14) ||*m(t)|| 2 + a(um(t),i,m(t)) It follows from (3.14) that • In the case of / = 0, g = g(t,u,u t ) and the Dirichlet homogeneous condition (1.2) standing for (1.1)2, we have obtained the results above in the paper [3] .
• 3 ) and N = 1, we have also obtained some results concerning in the papers [4, 5] in the cases as follows: a) flo(i) = ffi(t) = 0 (see [4] ); b) The non-homogeneous condition (1.1)2 and the operator u t t -u xx stand for the Dirichlet homogeneous condition (1.2) and the KirchhoffCarrier operator respectively, where 6o > 0 is a given constant and B G C 2 (R+) (see [5] ).
